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SOLUTION OF THE DIOPHANTINE EQUATION
x1x2x3 · · ·xm−1 = z
n
ZAHID RAZA, HAFSA MASOOD MALIK
Abstract. This work determine the entire family of positive integer solutions of
the diophantine equation. The solution is described in terms of (m−1)(m+n−2)2 or
(m−1)(m+n−1)
2 positive parameters depending on n even or odd. We find the solu-
tion of a diophantine system of equations by using the solution of the diophantine
equation. We generalized all the results of the paper [5].
1. Introduction and Preliminaries
All the solutions of a diophantine equation of the form
ax− by = c,
has been found. But the theory on this equation in the literature can not apply on
a diophantine equation of the form
(1.1) x1x2x3 · · ·xm−1 = z
n.
So, we archived the solution of the equation 1.1. In [5], the author worked on the
diophantine equation1.1 for m = 3 with n = 2, 3, 4, 5, 6, and m = 4 with n = 2;
furthermore, he also worked on a diophantine system of 2−equation of 5−variables.
We extent all these results to the general case that is for all m ≥ 3 and n ≥ 2 and
use it to find the solution of a system of s-diophantine equation in t variables.
The authors have not been able to find material on the equations of this paper.
However, W. Sierpinski’s book, Elementary Theory of Numbers listed two papers
with material on equations of the form, x1x2x3 · · ·xn = t
k. One is a 3-page paper
published in 1955 (see reference[3]). And the other, a 10-page paper published in
1933 (see reference[4]). The authors have not been able to access these two papers.
Even if some of the results in those two works; overlap with some of the results in
this work, it is quite likely, that the methods used in this paper; will be different
from those used in the above mentioned papers.
Key words and phrases. Divisor; diophantine equation; diophantine system of equations; the
greatest common divisor.
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• An integer b is called divisible by an other integer a 6= 0, if there exist some
integer c such that
b = ac.
Symbolically,
a | b.
• Let a and b be given integer, with at least one of them different from zero.
A positive integer d is called the greatest common divisor of the integers a, b
???
♦ If d | a and d | b.
♦ Whenever there is c such that c | a and c | b, then c ≤ d.
Symbolically, d = gcd(a, b)
• Two integer a, b are said to be relatively prime if gcd(a, b) = 1.
• Whenever gcd(a, b) = d; then gcd(a
d
, b
d
) = 1.
The first theorem, well-known and widely used in number theory, is known as Euclids
and for a proof see reference [1] or reference [2].
Theorem 1.1. Assume that α, β, γ are positive integer such that gcd(α, β) = 1, and
αβ | γ, then α | γ.
The following theorem can be proved by using the fundamental theorem of arith-
metic. It can also be proved without the use of the fundamental theorem (for
example [1]).
Theorem 1.2. Consider that α, β and n to be positive integers. If αn | βn, then
α | β
In reference [1], the reader can find a proof of theorem 1.3 that makes use of
theorem 1.1 and 1.2 ; but not the factorization theorem of a positive integer into
prime powers.
Theorem 1.3. If η, α, β, γ and n are positive integer such that
αβ = ηγn where gcd(α, β) = 1,
then
α = σα′1
n
, β = ςβ ′1
n
, η = ςσ and γ = α′1β
′
1
where, gcd(α′1, β
′
1) = 1 = gcd(σ, ς).
Theorem 1.4. Let k be a positive integer, and assume the 3-variables diophantine
equation
xy = kzn.
Then all positive integer solutions can be described by 2-parametric formulas;
x = k1t1
n, y = k2t2
n, z = t1t2 where, gcd(k1, k2) = 1 = gcd(t1, t2).
SOLUTION OF A DIOPHANTINE EQUATION 3
2. Main Result
Theorem 2.1. The diophantine equation in m-variables
x1x2x3 · · ·xm−1 = z
n
is equivalent to the m+ 3-variable system of equations
(2.1) Xm−1Xm−2x1x2 · · ·xm−3 = vZ0
n,
(2.2) wn−2 = vd2
where d,Xm−1Xm−2, Z0, w, v are positive integer variable such that
xm−1 = θXm−1, xm−2 = θXm−2, z = wZ0, θ = wd,
θ = gcd(xm−1, xm−2), w = gcd(z, θ), gcd(Xm−1, Xm−2) = 1 = gcd(Z0, d).
Proof. Consider the equation 1.1 and let
θ = gcd(xm−1, xm−2)
such that
(2.3)
{
xm−1 = θXm−1; xm−2 = θXm−2, gcd(Xm−1, Xm−2) = 1
}
,
then from equation 1.1 and 2.3 we obtain,
(2.4) θ2Xm−1Xm−2x1x2 · · ·xm−3 = z
n.
Assume that w = gcd(z, θ), then
(2.5)
{
z = wZ0; θ = wd, gcd(Z0, d) = 1
}
and from equation 2.11 and 2.4 we further have,
w2d2Xm−1Xm−2x1x2 · · ·xm−1 = Z
n
0w
n, d2Xm−1Xm−2x1 · · ·xm−3 = Z
n
0w
n−2.
Thus
(2.6) d2Xm−1Xm−2x3 · · ·xm−3 = Z
n
0w
n−2, n ≥ 2
since gcd(d, Z0) = 1, it follows that gcd(d
2, Zn0 ) = 1 which together with equation
2.4 and theorem 1.1; implies that d2 must be a divisor of wn−2 that is
(2.7) wn−2 = vd2, for some v ∈ Z
from equations 2.7 and 2.6, we have the result. 
Theorem 2.2. All the positive solution of the equation 2.2 can be describe by the
parameters as:
i: If n is odd, then
w =
n−3
2∏
i=0
r2i+1g
2, d =
n−3
2∏
i=0
(r2i+1)
ign−2, v =
n−3
2∏
i=0
(r2i+1)
n−2i−2.
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ii: If n is even, then
w =
n−4
2∏
i=0
r2i+1h, d =
n−4
2∏
i=0
(r2i+1)
ih
n−2
2 , v =
n−4
2∏
i=0
(r2i+1)
n−2i−2.
Proof. (i) : If n is odd and let D0 = gcd(w, d), then
(2.8) w = D0.r1 and d = D0.r0 such that gcd(r1, r0) = 1.
So from 2.1 and 2.2, we have Dn−20 r
n−2
1 = vD
2r20
(2.9) Dn−40 r1
n−2 = vr20
Since gcd(r1, r0) = 1, so using theorem 1.1, we have r
2
0|D
n−4
0 . Consider D1 =
gcd(D0, r0), then
(2.10) D0 = D1r3 and r0 = D1r2 such that gcd(r3, r2) = 1.
Thus D1
n−4r3
n−4rn−21 = vD1
2r2
2
(2.11) D1
n−6r3
n−4rn−21 = vr2
2
where gcd(r2, r1r3) = 1 using theorem1.1, we get r2
2 | D1
n−6. Continued in this way
and let Di = gcd(r2i−2, Di−1), then
(2.12) Di−1 = Dir2i+1 and r2i−2 = Dir2i such that gcd(r2i+1, r2i) = 1
we obtain Dn−2ii r2i+1
n−2ir2i−1
n−2i−6 · · · r3
n−2rn−21 = vDi
2.r2i
2
(2.13) Di
n−2i−2r2i+1
n−2ir2i−1
n−4i−6 · · · r3
n−2rn−21 = vr2i
2.
Since gcd(r2i, r1r3 . . . r2i+1) = 1 and using theorem 1.1, we have r2i
2 | Di
n−2i−4 where
i = 0, 1, 2, . . . , n−5
2
. Finally we have rn−5
2 | Dn−5
2
as n is odd then
Dn−5
2
= rn−2rn−5
2, v = rn−2r
3
n−4r
5
n−6 · · · r
n−4
3 r
n−2
1 Dn−5
2
= rn−2rn−5
2 and rn−7 =
rn−2rn−5
3
substituting backward we get the required result, where g = rn−5 and h = rn−6. 
Remark 2.3. • When n is an odd integer θ =
n−3
2∏
i=0
(r2i+1)
i+1gn
• When n is an even integer θ =
n−4
2∏
i=0
(r2i+1)
i+1h
n
2
Theorem 2.4. Let us consider the m-variables Diophantine equation 1.1.
i: If n is odd, then all the positive solution of this equation can be describe by
the parametric formulas
xj =
n−3
2∏
i=0
(
k
j−1
2i+1
)n−2i−2(∏j−1
t=1
(
γ
j−t
t
)∏j
t=1
(
γ
j−t
j
))n−1
γ
j−t
j η
m−2−j
j
j = 1, 2, . . . , m− 3
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xm−2 = (
m−3∏
t=1
(
n−3
2∏
i=0
((kt−12i+1l
m−3
2i+1)
i+1
)(km−32i+1)
n−2i−2)(γm−2−tt )
n−1)sn2g
n
xm−1 = (
m−3∏
t=1
(
n−3
2∏
i=0
((kt−12i+1l
m−3
2i+1)
i+1
)lm−32i+1
n−2i−2
)(ηm−2−tt )
n−1)sn1g
n
z =
m−3∏
λ=1
n−3
2∏
i=0
(kλ−12i+1l2i+1)(
m−3∏
i=1
m−2−i∏
λ=0
ηiγ
λ
i )s1s2g
2
ii: If n is even, then all the positive solution of this equation can be describe by
the parametric formulas
xj =
n−4
2∏
i=0
(
k
j−1
2i+1
)n−2i−2(∏j−1
t=1
(
γ
j−t
t
)∏j
t=1
(
γ
j−t
j
))n−1
γ
j−t
j η
m−2−j
j
for all j = 1, 2, . . . , m− 3
xm−2 = (
m−3∏
t=1
(
n−3
2∏
i=0
((kt−12i+1l
m−3
2i+1)
i+1
)(km−32i+1)
n−2i−2)(γm−2−tt )
n−1)sn2h
n
2
xm−1 = (
m−3∏
t=1
(
n−4
2∏
i=0
((kt−12i+1l
m−3
2i+1)
i+1
)lm−32i+1
n−2i−2
)(ηm−2−tt )
n−1)sn1h
n
2
z =
m−3∏
λ=1
n−3
2∏
i=0
(kλ−12i+1l
m−3
2i+1)(
m−3∏
i=1
m−2−i∏
λ=0
ηλi γ
λ
i )s1s2g
2
where kt2i+1, l
m−3
2i+1 , b
t
ia
t
i, s1, s2, h and g are positive integers such that 1 = gcd(s1, s2),
gcd(k2i−1, k
t
2i−1l
m−3
2i−1) = 1 = gcd(γ
t
iηi, γi) = 1 ∀ i = 1, 2, . . . ,
n−6
2
, t = 1, 2, . . . , m− 3.
Proof. Since n ≥ 2, then by theorem 2.1, the given equation is equivalent to the
diophantine system, v = a0, Xm−1Xm−2x1x2x3....xm−3 = Z
n
0 a0 and w
n−2 = vd2.
Thus by theorem 2.2 and remark 2.3 let P1 = gcd(x1, Z0), then x1 = P1.X1 and
Z0 = P1.Z1, so Xm−1Xm−2X1x2 · · ·xm−3 = Z
n
1P
n−1
1 a0.
Again let gcd(Z1, X1) = 1, then, we have X1 | a0P
n−1
1 ⇒ X1.a1 = a0P
n−1
1 and by
theorem 1.3 X1 = α1γ
n−1
1 and a1 = β1η
n−1
1 such that α1β1 = a0 and γ1η1 = P1
where gcd(α1, β1) = 1 = gcd(γ1, η1).
We have Xm−1Xm−2x2x3....xm−3 = Z
n
0 a1, continued in this way and let Pi =
gcd(xi, Zi−1). then xi = Pi.Xi and Zi−1 = Pi.Zi. Thus Xm−1Xm−2Xi
m−3∏
j=i+1
xj =
Zni P
n−1
i ai−1. Since gcd(Zi, Xi) = 1 then, Xi | ai−1P
n−1
i ⇒ Xi.ai = ai−1P
n−1
i so by
theorem 1.3, we get Xi = αiγ
n−1
i and ai = βiη
n−1
i such that αiβi = ai and γiηi = Pi
where gcd(αi, βi) = 1 = gcd(γi, ηi). We have Xm−1Xm−2
m−3∏
j=i+1
xj = Z
n
i−1ai ∀ i =
1, 2, 3, . . . , m − 3 and at last we get Xm−1Xm−2 = Z
n
m−3am−3 then by theorem 1.3
Xm−2 = αm−2s
n
1 and Xm−1 = βm−2s
n
2 such that αm−2βm−2 = am−3 and s1s2 = Zm−4
6 ZAHID RAZA, HAFSA MASOOD MALIK
with gcd(αm−2, βm−2) = 1 = gcd(s1, s1). Now by using theorem 1.3 and technique
in proof of theorem 2.2, we have for all j = 1, 2, 3, . . . , m− 2
αj = (
m−3∏
i=1
(kj−12i+1)
n−2i−2)(
j∏
t=1
γ
j−t
t )
n−1, βj = (
m−3∏
i=1
(lj−12i+1)
n−2i−2)(
j∏
t=1
η
j−t
t )
n−1.
Put in equation2.2 and 2.4 we get required result. 
Remark 2.5. The solution is described in terms of (m−1)(m+n−2)
2
or (m−1)(m+n−1)
2
positive parameters depending on n even or odd.
Let p1, p2, . . . , ps and r be positive integers and suppose that t = p1+p2+· · ·+ps−r
Theorem 2.6. Consider the t-variables diophantine system of s equations,
x11x12x13....x1p1−1 = z
k1
1
x21x22x23....x2p2−1 = z
k2
2
...
xi1xi2xi3....xipi−1 = z
ki
i
...
xs1xs2xs3....xsps−1 = z
ks
s where 2 ≤ k
′
j s are positive number where s no.of equations
and r is no of repeated variables in this system. Then all the positive solutions of
this system of equations can be describe by using the following algorithm.
Proof. • Write solution of each equation by using theorem 2.4
• Select one variable from r-repeated variables and find the unique d in solution
by using technique theorem 2.4
• Replace those values of parameters appear in selected repeated, in other
variable.
• Do the same activity with other repeated variable.
• If all repeated variables have unique solution then substituting the values of
parameter that exist in that variables in other variable.

To explain above theorem, here is two illustration below
Example 2.7. Consider the 6-variables Diophantine system, x1x2x3 = z
3
1 and
x3x4 = z
2
2 . Then all the positive solutions of this system equations can be describe
by 11 parametric formulas
x1 = ak
′
1
2
l′1γ
′
1
2
R31g
3, x2 = ak
′
1l
′
1
2
η′1
2
R32g
3, x3 = aγ
′
1η
′
1b
3
1f
6, x4 = aγ
′
1η
′
1b
3
1r
2
1,
z1 = al
′
1k
′
1γ
′
1η
′
1b1f
2R1R2g
2, z2 = aγ
′
1η
′
1b
3
1f
3r1.
Solution:-
Step 1: We apply theorem 2.4 to get the following solution for equation 1 of the
system{
x1 = k1k
′
1
2
l′1γ
′
1
2
R31g
3, x2 = k1k
′
1l
′
1
2
η′1
2
R32g
3, x3 = k1γ
3
1γ
′
1η
′
1, z1 = l
′
1k
′
1k1γ1γ
′
1η
′
1R1R2g
2
}
and for equation 2 of the system
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{
x4 = dr
2
1, x3 = r
2
2d, z2 = dr1r2
}
Step 2: Since x3 is the repeated variable in the
equations of the system, so
(2.14) r22d = x3 = k1γ
3
1γ
′
1η
′
1
Now we will find that unique d for x3, and suppose a = gcd(d, k1) such that{
d = aD1; k1 = aK1, gcd(D1, K1) = 1
}
put in equation 2.14
(2.15) r22D1 = γ
3
1γ
′
1η
′
1K1 ⇒ D1 | γ
3
1γ
′
1η
′
1
then there exist a positive integer b such that D1b = γ
3
1γ
′
1η
′
1 by using theorem 2.4
D1 = β1c
3
1, b = β2c
3
2, γ1 = c1c2, γ
′
1η
′
1 = β1β2 such that gcd(c2, c1) = 1 =
gcd(β1, β1) now equation 2.15 become
(2.16) r22 = β2c
3
2K1
from equation 2.16 r22 | c
3
2 then there exist a positive integer e such that r
2
2e = c
3
2
then by using theorem 2.2
c2 = α1α3f
2, r2 = α3f
3, e = α31α3
substituting the values in equation 2.16, we get 1 = β2α
3
1α3K1 =⇒ β2 = α1 = 1 =
α3 = K1 replacing the values we get the required result.
Example 2.8. Consider the 6-variable diophantine system, x1x2x3 = z
2
1 and x3x4 =
z22 . Then all the positive solutions of this system of equations can be describe by 11
parametric formulas
x1 = s
2
1adr1h, x2 = s
2
2bdr2h, x3 = ab(c1r1r2dc)
2, x4 = ab(cS1)
2,
z1 = abhs1s2cc1r1r2d
2, z2 = abS1r1r2dc1c
2.
Solution:-
Step 1: We apply theorem 2.4 to get the following solution for equation 1 of the
system{
x1 = s
2
1k1h, x2 = s
2
2l1h, x3 = γ
2k1l1, z1 = s1s2γk1l1h
}
and for equation 2 of the system we get{
x4 = gS
2
1 , x3 = S
2
2g, z2 = gS2S1
}
Step 2: Since x3 is the repeated variable in the equations of the system, so
(2.17) x3 = S
2
2g = γ
2k1l1
Now we will find that unique d for x3, and suppose a = gcd(g, k1) such that
(2.18)
{
g = aα; k1 = aβ, gcd(α, β) = 1
}
then equation 2.17 becomes S22α = γ
2βl1 ⇒ α | γ
2l1 so there exist a positive integer
e such that αe = γ2l1. Now using theorem 1.3, we get α1 = bc
2, e = b1c
2
1, γ =
cc1, l1 = bb1 such that gcd(b, b1) = 1 = gcd(c, c1). Thus equation 2.17 becomes
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S22 = c
2
1βb1 clearly c
2
1 | S
2
2 and by theorem 1.2, we have c1 | S2 ⇒2= c1f . Thus we
get f 2 = βb1 and by using theorem 2.4 we have f = r1r2d, β = dr1, b1 = dr2
substituting the values we get the required result.
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